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KMS states on a generalized Toeplitz algebra
Jieun Ahn and Sun Young Jang∗
Abstract. In this paper, we consider a generalized Toeplitz algebra T (P ⋊ N×) for a non-quasi-
lattice ordered semigroup P ⋊ N× where P ⋊ N× is a semidirect product of an additive semigroup
P = {0, 2, 3, · · · } by a multiplicative positive natural numbers semigroup N×. And also we compute
the values of the KMS state of the natural C∗-dynamical system (T (P⋊N×),R, σ).
1. Introduction
In the recent decades there has been lots of interest in C∗-algebras generated by isometries. It seems
that it started with L. A. Coburn’s well-known theorem, which asserted that the C∗-algebra generated
by a non-unitary isometry on a separable infinite dimensional Hilbert space does not depend on the
particular choice of the isometry [1, 2]. Many authors have interests in the generalization of Coburn’s
theorem, the uniqueness property of the C∗-algebras generated by isometries which was called by
Nica [18]. If the C∗-algebras generated by isometries have the uniqueness property, the structures
of those C∗-algebras are to some extent independent of the choice of isometries on a Hilbert space.
All the C∗-algebras generated by isometric representations of the semigroup N of natural numbers
have the uniqueness property and so are isomorphic to the classical Toeplitz algebra by Coburn’s
result. In addtion, it was known that the uniqueness property holds for the C∗-algebras generated by
one-parameter semigroups of isometries [7], the Cuntz algebras [4], and the C∗-algebras generated by
isometric representations of the positive semigroup of a totally ordered group [16]. A. Nica introduced a
quasi-lattice ordered group which is very suitable for the uniqueness property of C∗-algebras generated
by semigroups of isometries. And Laca and Raeburn also had important results on it [12, 13]. There
are several ways to construct the C∗-algebras generated by semigroups of isometries. At first Murphy
constructed the full semi-group C∗-algebra by enveloping all isometric representations of a semi-group
M which is denoted by C∗(M). Seeing from the definition of the full semigroup C∗-algebra, the
full semigroup C∗-algebra has the universal property as follows: if we put the canonical isometric
homomorphism W of M to the semigroup C∗-algebra C∗(M), then for any isometric homomorphism
V of M to a unital C∗-algebra B there exists a unique homomorphism from C∗(M) to the unital
C∗-algebra B sending Wx to Vx for each x ∈ M . Murphy showed that C∗-algebras generated by
isometric representations of the positive semigroup of a totally ordered groups are all isomorphic, but
it seems that the full semigroup C∗-algebra is too big for the uniqueness property. On the other
hand we can also consider the C∗-algebra generated by the left regular isometric representations of
a left-cancellative semigroup M , which has been studied much for decades. We are going to call it
the reduced semigroup C∗-algebra and denoted it by C∗red(M). As a typical model of the reduced
semigroup C∗-algebra we have the classical Toeplitz algebra C∗red(N) for the semigroup N of all natural
numbers. Nica defined the covariant isometric representation for a quasi-lattice ordered semi-groupM,
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of which the left regular isometric representation is a typcal model. He also defined the C∗-algebras
C∗c (M) with the universal property of covariant isometric representations of M .
J. Cuntz and X. Li have improved the theory of the C∗-algebras generated by isometries, the theory
of the KMS state of the semigroup C∗-algebra, and the amenability of semigroup for the more general
semigroups in [5, 6, 19].
Recently there are very interesting results on the KMS state of C∗-dynamical systems of C∗-algebras
generated by isometries [5, 14, 15]. It is known that the Toeplitz-Cuntz algebra T On has the KMS
states at every inverse temperature β ≥ logn. And Cuntz introduced a C∗-algebra QN generated
by an isometric representation of the semidirect product N ⋊ N× of the additive semigroup N by the
natural action of the multiplicative semigroup N×. He proved that QN is simple and there exists a
unique KMS state at inverse temperature 1. In [14] Laca and Raeburn investigated the structure of
the semigroup C∗-algebra C∗c (N⋊N
×). They showed that the semigroup C∗-algebra C∗c (N⋊N
×) have
interesting properties in the virtue of [9,10,15]. In particular they showed that the KMS state for the
natural dynamics of C∗c (N ⋊ N
×) has phase transitions.
In this paper we consider the semidirect product P⋊N× of the additive semigroup P = {0, 2, 3 . . .}
by the multiplicative semigroup N×. The semigroup P = {0, 2, 3, · · · } is a generating subsemigroup
of the integer group Z. Even though (Z,N) is the typical model of a quasi-lattice ordered group, the
order structure of (Z,P) with the positive cone P is not a quasi-lattice ordered group. The author
showed that C∗red(P) is isomorphic to C
∗(N) by using Coburn’s result [8]. Even though the semigroup
P⋊N× gives a partial order on the semi-direct product group Q⋊Q∗+, but ( Q⋊Q
∗
+, P⋊N
×) is not
quasi-lattice ordered group. However we define a covariant isometric representation on P⋊N× in the
similiar way of Nica’s covariant isometric representation for a quasi-lattice ordered group and consider
the C∗-algebra T (P ⋊ N×) generated by the canonical covariant isometric representation on P ⋊N×.
We get a few results of the C∗-algebra T (P ⋊ N×), and we can also show how the KMS state of the
natural dynamical system (T (P⋊N×),R, σ) acts.
2. A Non-quasi-lattice order on Q⋊Q∗+
Let Q⋊Q∗+ denote the semidirect product of the additive rationals Q by the multiplicative positive
rationals Q∗+, where the group operation and inverse are given by
(r, x)(s, y) = (r + xs, xy) for r, s ∈ Q and x, y ∈ Q∗+,
(r, x)−1 = (−x−1r, x−1) for r ∈ Q and x ∈ Q∗+.
Let P = {0, 2, 3, · · · } be a semigroup of Z. Then the semidirect product P ⋊ N× is the subsemigroup
of Q⋊Q∗+.
Proposition 2.1. The semigroup P ⋊ N× is a generating semigroup of Q ⋊ Q∗+ and the elements
(2, 1), (3, 1), and {(0, p) : p is prime} satisfy the relations
(0, p)(2, 1) = (2, 1)p(0, p), (0, p)(3, 1) = (3, 1)p(0, p), and (0, p)(0, q) = (0, q)(0, p)
for all prime numbers p and q.
Proof. The group Q ⋊ Q∗+ is generated by elements (1, 1) and {(0, p) : p is prime} which satisfy the
relations
(0, p)(1, 1) = (1, 1)p(0, p) and (0, p)(0, q) = (0, q)(0, p)
for all prime numbers p, q and this is a presentation of Q⋊Q∗+ in [14].
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We shall consider the unital subsemigroup P⋊N× of Q⋊Q∗+ interpreted in the category of monoids
where P = {0, 2, 3, 4, 5, · · · }. Since (2, 1)−1(3, 1) = (1, 1) in Q ⋊ Q∗+ , P ⋊ N
× can generate Q ⋊ Q∗+.
Furthermore we see that P⋊N×is generated by the elements (2, 1), (3, 1), and {(0, p) : p is prime} which
satisfy the relations (0, p)(2, 1) = (2, 1)p(0, p), (0, p)(3, 1) = (3, 1)p(0, p), and (0, p)(0, q) = (0, q)(0, p)
for all prime numbers p, q.

Since (P ⋊N×) ∩ (P ⋊ N×)−1 = {(0, 1)}, the subsemigroup P ⋊N× induces a left-invariant partial
order on Q⋊Q∗+ as follows : for (r, x) and (s, y) in Q×Q
∗
+,
(r, x) ≤ (s, y) ⇔ (r, x)−1(s, y) ∈ P⋊N×
⇔ x−1(s− r) ∈ P and x−1y ∈ N×. (2.1)
Remark 2.2. The pair (Q⋊Q∗+, P⋊ N
×) is not a quasi-lattice ordered group.
It is sufficient to show that there are two elements in P⋊N× with common upper bounds in P⋊N×
which don’t have the least common upper bound in P⋊N×. We consider two elements (5, 7) and (2, 3).
Suppose that (k, c) ∈ P ⋊N×, (5, 7) ≤ (k, c), and (2, 3) ≤ (k, c). Then from (2.1) we have k ∈ 5 + 7P,
k ∈ 2 + 3P, and c ∈ 21N×. Since {
k ≡ 5 (mod 7), k 6= 12,
k ≡ 2 (mod 3), k 6= 5,
we see that k = 26, 47, 68, · · ·and c = 21, 42, 63, · · · . If (5, 7) and (2, 3) have the least common upper
bound, it should be (26, 21) or (47, 21). But (26, 21) and (47, 21) are not comparable in Q ⋊ Q∗+, so
(5, 7) and (2, 3) do not have their least common upper bound in P ⋊ N×. Therefore P ⋊ N× is not
quasi-lattice ordered group.
We will denote the smallest one among common upper bounds of (r, x) and (s, y) by (r, x) ⋒ (s, y)
in the usual order in Q⋊Q∗+.
Remark 2.3. We see that two elements (m, a) and (n, b) of P ⋊ N× have a common upper bound if
and only if the set (m+ aP) ∩ (n+ bP) is nonempty. We see that
(m, a) ⋒ (n, b) =
{
∞ if (m+ aP) ∩ (n+ bP) = ∅,
(ℓ, lcm(a, b)) if (m+ aP) ∩ (n+ bP) 6= ∅,
where ℓ is the smallest element of (m+ aP) ∩ (n+ bP) in the usual order.
The next proposition shows how the Euclidean algorithm is related with the further discussion of
this paper. Recall that gcd(a, b) and lcm(c, d) is the greatest common divisor of a and b in N and the
least common multiple of c and d in N, respectively.
Proposition 2.4. Suppose that (m, a) and (n, b) are in P⋊N×. Then
(1) (m+ aP) ∩ (n+ bP) is nonempty if and only if gcd(a, b) | m− n.
(2) If (m + aP) ∩ (n + bP)is nonempty and we denote a
′
= a/gcd(a, b), b
′
= b/gcd(a, b), and (α, β)
is the smallest non-negative solution of (n − m)/gcd(a, b) = αa
′
− βb
′
with α 6= 1 and β 6= 1, then
ℓ := m+ aα = n+ bβ is the smallest element of (m+ aP) ∩ (n+ bP) and we have
(m, a) ⋒ (n, b) = (ℓ, lcm(a, b)),
(m, a)−1(ℓ, lcm(a, b)) = (a−1(ℓ−m), a−1lcm(a, b)) = (α, b
′
), and
(n, b)−1(ℓ, lcm(a, b)) = (b−1(ℓ − n), b−1lcm(a, b)) = (β, a
′
).
4 KMS states on a generalized Toeplitz Algebra
Proof. (m+ aP)∩ (n+ bP) 6= ∅ ⇐⇒ (m+ aZ) ∩ (n+ bZ) 6= ∅ ⇐⇒ m ≡ n (mod gcd(a, b)). Then every
solution of (n − m)/gcd(a, b) = αa
′
− βb
′
satisfies m + aα = n + bβ and the smallest non-negative
solution of (n−m)/gcd(a, b) = αa
′
− βb
′
gives the smallest common value. The rest two formulas can
be gotten by the easy calculation. 
3. The generalized Toeplitz algebra T (P⋊N×)
In this section, we construct the C∗-algebra T (P⋊N×) generated by an isometric representation of
P⋊N× and analyze its structure by thoughts from [12]. First, we introduce the isometric representation
of a discrete semigroup M ;
let M denote a semigroup with unit e and B be a unital C∗-algebra. A map W :M → B, x 7→Wx is
called an isometric homomorphism if We = 1, Wx is an isometry and Wxy = WxWy for all x, y ∈M.
If B is the ∗-algebra B(H) of all bounded linear operators of a non-zero Hilbert space H , we call (H,W)
an isometric representation of M .
Nica introduced the covariant isometric representation of a quasi-lattice ordered group as follows:
for a quasi-lattice ordered group M an isometric representation V :M → B(H) is Nica covariant if
VxV
∗
x VyV
∗
y =
{
0 if x ∨ y =∞,
Vx∨yV
∗
x∨y if x ∨ y <∞
where x ∨ y is the least common upper bound of x and y in M. It is known that Nica’s covariance is
a very suitable isometric representation to explain the uniqueness property of C∗-algebras generated
by isometric representations. Even though (Q ⋊ Q∗+, P ⋊ N
×) is not quasi-lattice ordered group, we
can define the covariant isometric representaion of P ⋊ N× in the sence of Nica’s covariant isometric
representation.
Definition 3.1. A isometric representation W : P ⋊ N× → B(H) of P ⋊ N× on a Hilbert space H is
covariant if it satisfies
W(m,a)W
∗
(m,a)W(n,b)W
∗
(n,b) =
{
0 if (m+ aP) ∩ (n+ bP) = ∅,
W(m,a)⋒(n,b)W
∗
(m,a)⋒(n,b) if (m+ aP) ∩ (n+ bP) 6= ∅.
(3.1)
We use the notation W∞ = 0 when (m, a) ⋒ (n, b) =∞, thus we can always write
W(m,a)W
∗
(m,a)W(n,b)W
∗
(n,b) = W(m,a)⋒(n,b)W
∗
(m,a)⋒(n,b)
for all (m, a), (n, b) ∈ P⋊N×. With this convention, the covariant condition is equivalent to
W∗(m,a)W(n,b) = W(m,a)−1σW
∗
(n,b)−1σ (3.2)
for all (m, a), (n, b) ∈ P⋊N× where σ = (m, a) ⋒ (n, b).
The motivation of the condition of the covariant isometric representation is the range projections
of the left regular isometric representation of a semigroup M . Nica called it the Wiener-Hopf repre-
sentation. The left regular isometric representation on the discrete semigroup M is given by
Lmδn = δmn for m,n ∈M
where {δn : n ∈M} is the canonical orthonormal basis for ℓ2(M). The left regular isometric represen-
tation on ℓ2(P⋊N×) is similarily defined as follows:
L(m,a)δ(n,b) = δ(m,a)(n,b) for (m, a), (n, b) ∈ P⋊N
×
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where {δ(n,b) : (n, b) ∈ P ⋊ N
×} is the canonical orthonormal basis for ℓ2(P ⋊ N×). Though the C∗-
algebra generated by the left regular isometric representation is called in several ways, we call it the
reduced semigroup C∗-algebra and denote it by Cred(P⋊N×).
By similar way in [12] we can have another semigroup C∗-algebra generated by a covariant isometric
representation of P⋊N×.
Definition 3.2. The universal C∗-algebra for covariant isometric representations of P⋊N×, denoted
by T (P ⋊ N×), is the C∗-algebra generated by the canonical covariant isometric representation W :
P ⋊ N× → T (P ⋊ N×) with the following proprety : if X is a covariant isometric representation of
P ⋊ N×, then there is a homomorphism π : T (P ⋊ N×) → C∗({X(m,a) : (m, a) ∈ P ⋊ N
×}) such that
π(W(m,a)) = X(m,a). We call T (P⋊N
×) the generalized Toeplitz algebra of P⋊N×.
Proposition 3.3. Let W : P⋊N× → B(ℓ2(P⋊N×)) be the canonical covariant isometric representaton
of P⋊N× and T (P⋊N×) be the universal C∗-algebra generated by the canonical covariant isometric
representation W . Then the linear span of {W(m,a)W
∗
(n,b) : (m, a), (n, b) ∈ P ⋊ N
×} is a dense ∗-
subalgebra of T (P⋊N×).
Proof. It is enough to show that Ws1W
∗
t1
Ws2W
∗
t2
· · ·WsnW
∗
tn
Wsn+1 can be reduced to WsW
∗
t for
si, ti, s, t ∈ P⋊N×. If (m, a) and (n, b) have σ = (m, a) ⋒ (n, b) ∈ P⋊N×, then
W∗(m,a)W(n,b) = W
∗
(m,a)(W(m,a)W
∗
(m,a)W(n,b)W
∗
(n,b))W(n,b)
= W∗(m,a)WσW
∗
σW(n,b)
= W∗(m,a)W(m,a)W(m,a)−1σW
∗
(n,b)−1σW
∗
(n,b)W(n,b)
= W(m,a)−1σW
∗
(n,b)−1σ .
If (m, a) and (n, b) don’t have (m, a) ⋒ (n, b) in P⋊N×, we have
W(m,a)W
∗
(m,a)W(n,b)W
∗
(n,b) = 0.
So we can see
W(m,a)W
∗
(n,b)W(s,t)W
∗
(u,v) = W(m,a)W(n,b)−1σW
∗
(s,t)−1σW
∗
(u,v)
= W(m,a)(n,b)−1σW
∗
(u,v)(s,t)−1σ
where σ = (n, b) ⋒ (s, t) ∈ P⋊ N×, it follows that we can reduce Ws1W
∗
t1
Ws2W
∗
t2
· · ·WsnW
∗
tn
Wsn+1
to WsW
∗
t . 
Theorem 3.4. Let A be the universal C∗-algebra generated by isometries s, t, and {υp : p is prime}
satisfying the relations
(R1) t2 = s3,
(R2) ts = st, s∗t = ts∗, and t∗s = st∗,
(T1) υps = s
pυp, υpt = t
pυp, υps
∗ = s∗pυp, and υpt
∗ = t∗pυp,
(T2) υpυq = υqυp,
(T3) υ∗pυq = υqυ
∗
p when p 6= q,
(T4) s∗υp = s
p−1υps
∗,
(T5) υ∗ps
k1tk2υp = 0 for 1 ≤ 2k1 + 3k2 < p,
(T6) υ∗ps
kυp = 0 for 1 ≤ k < p when p 6= 2, and υ
∗
2sυ2 = ts
∗, υ∗pt
kυp = 0 for 1 ≤ k < p when p 6= 3,
υ∗3tυ3 = ts
∗, υ∗3t
2υ3 = s, and υ
∗
pt
ks∗kυp = 0 for 1 ≤ k < p.
Then there is a homomorphism ρW of A into T (P ⋊N×) such that ρW(s) = W(2,1), ρW(t) = W(3,1),
and ρW(υp) = W(0,p) for every prime p.
6 KMS states on a generalized Toeplitz Algebra
Proof. We put S = W(2,1),T = W(3,1), and Vp = W(0,p). We will show that S,T, and Vp for a prime p
satisfy (R1,R2) and (T1− T6). It is easily shown that T2 = S3, TS = ST, VpS = SpVp, VpT = TpVp,
and VpVq = VqVp hold by the definition of semi-direct product.
Equations S∗T = TS∗, T∗S = ST∗, VpS
∗ = S∗pVp, VpT
∗ = T∗pVp, V
∗
pVq = VqV
∗
p, and S
∗Vp =
Sp−1VpS
∗ hold by the virtue of the Nica covariance relation (3.2) for (m, a) = (2, 1) and (n, b) = (3, 1)
; for (m, a) = (3, 1) and (n, b) = (2, 1) ; for (m, a) = (2p, 1) and (n, b) = (0, p) ; for (m, a) = (3p, 1)
and (n, b) = (0, p) ; for (m, a) = (0, p) and (n, b) = (0, q) ; and for (m, a) = (2, 1) and (n, b) = (0, p),
respectively.
To prove (T5) we will show that V∗pS
k1Tk2Vp = 0 for 1 ≤ 2k1+3k2 < p. Since (2, 1)
k1(3, 1)k2(0, p) =
(2k1, 1)(3k2, 1)(0, p) = (2k1 + 3k2, p), we can use the Nica covariance relation (3.2) for (m, a) = (0, p)
and (n, b) = (2k1 + 3k2, p). Then we have{
ℓ ≡ 0(mod p) but ℓ 6= p,
ℓ ≡ 2k1 + 3k2(mod p) but ℓ 6= 2k1 + 3k2 + p.
(3.3)
where (o, p) ⋒ (2k1 + 3k2, p) = (ℓ, p). By (3.3) we have 2k1 + 3k2 ≡ 0 (mod p), which is contradictory
to 1 ≤ 2k1 + 3k2 < p. This implies that (pP) ∩ ((2k1 + 3k2) + pP) = ∅. Therefore it leads that
V∗pS
k1Tk2Vp = 0 for 1 ≤ 2k1 + 3k2 < p.
Equations V∗pS
kVp = 0 for 1 ≤ k < p when p 6= 2, V∗2SV2 = TS
∗, V∗pT
kVp = 0 for 1 ≤ k < p
when p 6= 3, V∗3TV3 = TS
∗, and V∗3T
2V3 = S can be also proved by the Nica covariance relation
(3.2) for (m, a) = (0, p) and (n, b) = (2k, p); for (m, a) = (0, 2) and (n, b) = (2, 2); for (m, a) = (0, p)
and (n, b) = (3k, p); for (m, a) = (0, 3) and (n, b) = (3, 3); and for (m, a) = (0, 3) and (n, b) = (6, 3),
respectively.
Finally, we show that V∗pT
kS∗kVp = 0 for 1 ≤ k < p. By the Nica covariance condition W∗(0,p)W(3k,1) =
W(0,p)−1σ1W
∗
(3k,1)−1σ1
where σ1 = (0, p) ⋒ (3k, 1) = (ℓ, p). So we have
W∗(0,p)W
k
(3,1)W
∗k
(2,1)W(0,p) = W(0,p)−1σ1W
∗
(3k,1)−1σ1
W∗k(2,1)W(0,p)
= W(0,p)−1σ1W
∗
(k,1)−1σ1
W(0,p)
= W(0,p)−1σ1Wσ−11 (k,1)σ2
W∗(0,p)−1σ2
where σ2 = (k, 1)
−1σ1 ⋒ (0, p) = (−k + ℓ, p) ⋒ (0, p) = (ℓ
′
, p). Since ℓ
′
is the smallest element of
((−k + ℓ) + pP) ∩ (pP), we get{
ℓ
′
≡ (−k + ℓ) (mod p) but ℓ
′
6= −k + ℓ+ p,
ℓ
′
≡ 0 (mod p) but ℓ
′
6= p.
(3.4)
By (3.4) k ≡ ℓ ≡ 0 (mod p). It is contradictory to that 1 ≤ k < p. Therefore we have ((−k+ ℓ)+pP)∩
(pP) = φ and W∗(0,p)W
k
(3,1)W
∗k
(2,1)W(0,p) = 0 for 1 ≤ k < p.

Remark 3.5. We write s((k)) to mean sk where k ≥ 0 and s∗(−k) when k < 0, then s((a+b)) =
s((a))s((b)).
Lemma 3.6. Let A be the C∗-algebra in Theorem 3.4. Suppose that s, t, and {υp : p is prime} are
isometries satisfying the relations (R1,R2) and (T1− T6). Then the isometries s, t, and υp for a
prime number p satisfy
υ∗ps
((k1))t((k2))υp = 0 for 1 ≤ 2k1 + 3k2 < p, k1, k2 ∈ Z.
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Proof. Let k = 2k1 + 3k2. If (k
′
1, k
′
2) is the particular solution of the indeterminate equation k =
2k1 + 3k2, then k1 = k
′
1 + 3u and k2 = k
′
2 − 2u for u ∈ Z are the general solutions. By (R1) and (R2)
υ∗ps
((k1))t((k2))υp = υ
∗
ps
((k
′
1))s((3u))t∗((2u))t((k
′
2))υp
= υ∗ps
((k
′
1))t((k
′
2))υp.
Therefore we only consider the particular solution of the indeterminate equation. If k = 1, we can take
k1 = −1 and k2 = 1. Then υ∗ps
∗tυp = 0 by (T6). If k 6= 1, we can take k1 ≥ 0 and k2 ≥ 0 such that
k = 2k1 + 3k2. Thus we have υ
∗
ps
((k1))t((k2))υp = υ
∗
ps
k1tk2υp = 0 for 1 ≤ 2k1 + 3k2 < p by (T5). 
Lemma 3.7. Let A be the C∗-algebra in Theorem 3.4. Suppose that s, t, and {υp : p is prime} are
isometries satisfying the relations (R1,R2) and (T1 − T6). Then the isometries υa := Πpυ
ep(a)
p for
a ∈ N× and a prime number p satisfy
(T1
′
) υas = s
aυa, υat = t
aυa, υas
∗ = s∗aυa, and υat
∗ = t∗aυa,
(T2
′
) υaυb = υbυa,
(T3
′
) υ∗aυb = υbυ
∗
a whenever gcd(a, b) = 1,
(T4
′
) s∗υa = s
a−1υas
∗,
(T5
′
) υ∗as
k1tk2υa = 0 for 1 ≤ 2k1 + 3k2 < a,
(T6
′
) υ∗as
kυa = 0 for 1 ≤ k < a when a 6= 2, υ∗at
kυa = 0 for 1 ≤ k < a when a 6= 3, and
υ∗at
ks∗kυa = 0 for 1 ≤ k < a for a ∈ N×.
Proof. Equations (T1′), (T2′), and (T3′) follow immediately from their counterparts for a prime. We
will prove (T4′) by induction on the number of prime factors of a.
Suppose that (T4′) is true for every a ∈ N× with n prime factors and b = aq ∈ N× has n+ 1 prime
factors. Then we have
s∗υb = s
∗υaq = s
a−1υas
q−1υqs
∗ = sa−1sa(q−1)υaυqs
∗ = saq−1υaqs
∗ = sb−1υbs
∗.
Therefore we have proved (T4′).
For (T5′), we first prove by induction on n that υ∗np s
k1tk2υnp 6= 0 implies p
n|2k1+3k2. Let n = 1. If
υ∗ps
k1tk2υp 6= 0, then p ≤ 2k1+3k2 by (T5). Thus we can have 2k1+3k2 = pm+α (somem ∈ N and 0 ≤
α < p). If we putm = 2m1+3m2 and α = 2α1+3α2, then we can have k1 = pm1+α1 and k2 = pm2+α2
which is the particular solution of the equation 2k1 + 3k2 = pm+ α. Therefore we get
0 6= υ∗ps
k1tk2υp
= (υ∗ps
((pm1)))s((α1))t((α2))(t((pm2))υp)
= s((m1))(υ∗ps
((α1))t((α2))υp)t
((m2)).
By Lemma 3.6 if υ∗ps
((α1))t((α2))υp 6= 0 for 0 ≤ 2α1 + 3α2 < p, then α = 0. So we have a conclusion
that p|2k1 + 3k2.
Suppose that (T5
′
) holds for n. We are going to show that the property holds in the case of n+ 1.
If υ
∗(n+1)
p s((k1))t((k2))υ
(n+1)
p = υ∗p(υ
∗n
p s
((k1))t((k2))υnp )υp 6= 0, then p
n|2k1 + 3k2. Thus we can take
pnu = 2k1 + 3k2 (some u ∈ N). If u = 1, then we can take k1 = 3k0 − pn and k2 = pn − 2k0 some
k0 ∈ Z because 2k1 + 3k2 = −2pn + 3pn. Therefore we have
0 6= υ∗p(υ
∗n
p s
k1tk2υnp )υp
= υ∗p(υ
∗n
p s
∗pn)(s((3k0))t∗((2k0)))(tp
n
υnp )υp
= υ∗p(s
∗υ∗np υ
n
p t)υp
= υ∗ps
∗tυp.
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But it is contradiction to (T6). If u > 1, we can take u = 2u1 + 3u2 some u1, u2 ∈ N. Thus we can
have k1 = u1p
n + 3k0 and k2 = u2p
n − 2k0 some k0 ∈ Z because 2k1 + 3k2 = 2u1pn + 3u2pn. Hence it
leads that
0 6= υ∗p(υ
∗n
p s
k1tk2υnp )υp
= υ∗p(υ
∗n
p s
u1p
n
)(s((3k0))t∗((2k0)))(tu2p
n
υnp )υp
= υ∗p(s
u1υ∗np υ
n
p t
u2)υp
= υ∗ps
u1tu2υp.
So we have p|u and pnu = 2k1 + 3k2. These imply that pn+1|2k1 + 3k2. It follows that
υ∗as
k1tk2υa 6= 0 ⇒ υ
∗ep(a)
p s
k1tk2υ∗ep(a)p 6= 0 for all p|a
⇒ pep(a)|2k1 + 3k2 for all p|a
⇒ a|2k1 + 3k2
which is a reformulation of (T5′). The remaining properties can be proved similarily. 
Define X : P ⋊ N× → A by X(m,a) := s
xtyυa where m = 2x + 3y and x, y ∈ N. If m = 2x + 3y =
2x
′
+ 3y
′
some x, y, x
′
, y
′
in N and let x
′
≥ x, then 2(x − x
′
) = 3(y
′
− y). Since x = x
′
− 3u and
y = y
′
+ 2u some u in N, we have
sxty = sx
′
s∗3ut2uty
′
= sx
′
s∗3us3uty
′
= sx
′
ty
′
.
This shows that the formula X is well-defined.
Lemma 3.8. The formula X(m,a) := s
xtyυa is an isometry representation on P ⋊ N
× into A where
m = 2x+ 3y, x ≥ 0, and y ≥ 0.
Proof. For (m, a) ∈ P⋊N×, we have
X∗(m,a)X(m,a) = υ
∗
at
∗ys∗xsxtyυa = 1.
If we put m = 2x1 + 3y1 and n = 2x2 + 3y2 for (m, a), (n, b) ∈ P⋊N× then we have
X(m,a)X(n,b) = (s
x1ty1υa)(s
x2ty2υb)
= sx1ty1(υas
x2)ty2υb
= sx1ty1sax2(υat
y2)υb
= sx1+ax2ty1+ay2υaυb
= X(m+an,ab) = X(m,a)(n,b).

Lemma 3.9. Suppose that the representation X satisfies the Nica-covariance relation (In fact, this is
to be proved later). If we consider a homomorphism ρW from A into T (P ⋊ N×) such that ρW(s) =
W(2,1), ρW(t) = W(3,1), and ρW(υp) = W(0,p) for every prime p and πs,t,υ : T (P⋊N
×)→ A such that
πs,t,υ(W(m,a)) = X(m,a), then they are the inverse of each other.
Proof. It is enough to consider only of the form for W(m,a)W
∗
(n,b) ∈ T (P⋊N
×) by the Proposition 3.3.
(ρW · π)(W(m,a)W
∗
(n,b)) = ρW(X(m,a)X
∗
(n,b))
= W(2x+3y,a)W
∗
(2x′+3y′,b)
= W(m,a)W
∗
(n,b)
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where m = 2x+ 3y and n = 2x′ + 3′y some x, x′, y, y′ ∈ N. And also we have
(π · ρW)((s
xtyva)(s
x′ty
′
vb)
∗) = π(Wx(2,1)W
y
(3,1)W(0,a)W
∗
(0,b)W
∗y′
(3,1)W
∗x′
(2,1))
= Xx(2,1)X
y
(3,1)X(0,a)X
∗
(0,b)X
∗y′
(3,1)X
∗x′
(2,1)
= (sxtyva)(s
x′ty
′
vb)
∗.
Therefore we have π · ρW = i and ρW · π = i. 
Lemma 3.8 shows that X is an isometric representation of P⋊N×. Next, we are going to prove that
the representation X satisfies the Nica-covariance relation; the relation is
X∗(m,a)X(n,b) = X(m,a)−1σX
∗
(n,b)−1σ
where σ = (m, a) ⋒ (n, b).
Lemma 3.10. Suppose that (m + aP) ∩ (n + bP) 6= ∅. For m,n ∈ P and a, b ∈ N× we let a
′
:=
a/gcd(a, b), b
′
:= b/gcd(a, b), and suppose that (α, β) is the smallest non-negative solution of (n −
m)/gcd(a, b) = αa
′
− βb
′
with α 6= 1, β 6= 1. Then X(m,a)−1σX
∗
(n,b)−1σ = X(α,b′)X
∗
(β,a′) where σ =
(m, a) ⋒ (n, b).
Proof. By proposition 2.4, σ = (m, a) ⋒ (n, b) = (ℓ, lcm(a, b)) where ℓ := m + aα = n + bβ is the
smallest element of (m+aP)∩ (n+ bP) in the usual order. Let m = 2x1+3y1 and n = 2x2+3y2 some
x1, x2, y1, y2 ∈ N, then
X∗(m,a)X(n,b) = (s
x1ty1υa)
∗(sx2ty2υb)
= υ∗at
∗y1s∗x1sx2ty2υb.
Since (m, a)−1σ = (α, b
′
) and (n, b)−1σ = (β, a
′
), we have
X(m,a)−1σX
∗
(n,b)−1σ =
{
0 if (m+ aP) ∩ (n+ bP) = ∅,
X(α,b′)X
∗
(β,a′) if (m+ aP) ∩ (n+ bP) 6= ∅.

Lemma 3.11. If (m + aP) ∩ (n + bP) = ∅, then υ∗at
y1∗sx1∗sx2ty2υb = 0 where m = 2x1 + 3y1, n =
2x2 + 3y2 some x1, x2, y1, y2 ∈ N (i.e., X∗(m,a)X(n,b) = 0).
Proof. Since (m+ aP) ∩ (n+ bP) = ∅ , m− n 6≡ 0 (mod gcd(a, b)). Then gcd(a, b) has a prime factor
p which does not divide n −m. We can write n −m = cp + k with 0 < k < p. Since c, k ∈ Z, there
exist c1, c2, k1, k2 in Z such that c = 2c1 + 3c2 and k = 2k1 + 3k2. So we have
n−m = cp+ k = (2c1 + 3c2)p+ (2k1 + 3k2) = 2(c1p+ k1) + 3(c2p+ k2)
and
2((x2 − x1)− (c1p+ k1)) = 3((c2p+ k2)− (y2 − y1)).
Let x2 − x1 = c1p+ k1 + 3u and y2 − y1 = c2p+ k2 − 2u some u in Z. Now we factor a = a0p, b = b0p
and apply (T4
′
) and (T5) to get
υ∗at
∗y1s∗x1sx2ty2υb = υ
∗
a0
υ∗ps
((x2−x1))t((y2−y1))υpυb0
= υ∗a0υ
∗
ps
((c1p+k1+3u))t((c2p+k2−2u))υpυb0
= υ∗a0(υ
∗
ps
((c1p)))s((k1))s((3u))t∗((2u))t((k2))(t((c2p))υp)υb0 .
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Since s and t∗ are commute and t2 = s3 by (R1) and (R2), we have s((3u))t∗((2u)) = 1. By (T1)
υ∗ps
((c1p)) = s((c1))υ∗p and t
((c2p))υp = υpt
((c2)). Thus the above equation can be converted to
υ∗at
∗y1s∗x1sx2ty2υb = υ
∗
a0
s((c1))(υ∗ps
((k1))t((k2))υp)t
((c2))υb0 .
By Lemma 3.6 we have υ∗ps
((k1))t((k2))υp = 0 for 0 < k < p. 
Lemma 3.12. Suppose that (m + aP) ∩ (n+ bP) 6= ∅ where m = 2x1 + 3y1 and n = 2x2 + 3y2 some
x1, x2, y1, y2 in N. Then
υ∗at
∗y1s∗x1sx2ty2υb = s
α
′
tα
′′
υb′υ
∗
a
′ t∗β
′′
s∗β
′
where a
′
:= a/gcd(a, b), b
′
:= b/gcd(a, b) and suppose that (α, β) is the smallest non-negative solution
of (n − m)/gcd(a, b) = αa
′
− βb
′
with α 6= 1, β 6= 1, α = 2α
′
+ 3α
′′
, and β = 2β
′
+ 3β
′′
some
α
′
, α
′′
, β
′
, β
′′
in N (i.e., X∗(m,a)X(n,b) = X(m,a)−1σX
∗
(n,b)−1σ where σ = (m, a) ⋒ (n, b)).
Proof. Since (m + aP) ∩ (n + bP) 6= ∅ implies m ≡ n(mod gcd(a, b)), we put k = (n −m)/gcd(a, b).
First suppose that k > 0. Let G = gcd(a, b), then (n−m) = kG. We put a = a
′
G and b = b
′
G where
gcd(a′, b′) = 1. Since kG = n−m = 2(x2−x1)+3(y2−y1), we take k1, k2 in Z such that k = 2k1+3k2.
Since 2(k1G−x2 + x1) = 3(y2− y1− k2G), we have k1G−x2 + x1 = 3u and y2− y1− k2G = 2u some
u ∈ Z. From the equation {
x2 − x1 = k1G− 3u,
y2 − y1 = k2G+ 2u,
we have
υ∗at
∗y1s∗x1sx2ty2υb = υ
∗
as
((x2−x1))t((y2−y1))υb
= υ∗as
((k1G−3u))t((k2G+2u))υb
= υ∗as
((k1G))s∗((3u))t((2u))t((k2G))υb
= υ∗
a
′υ∗Gs
((k1G))t((k2G))υGυb′
= υ∗
a
′υ∗G(s
((k1))t((k2)))GυGυb′
= υ∗
a
′ s((k1))t((k2))υb′ .
By Lemma 3.6, it is enough to consider a particular solution of k = 2k1 + 3k2. If k = 1, then we can
take k1 = −1 and k2 = 1. Since 1 = αa
′
− βb
′
and s3 = t2, we have
υ∗
a
′ s((k1))t((k2))υb′ = υ
∗
a
′ s∗tυb′
= υ∗
a
′ s∗(αa
′
−βb
′
)tαa
′
−βb
′
υb′
= s∗αtαυ∗
a
′υb′ s
βt∗β
= sα
′
tα
′′
υ∗
a
′υb′ t
∗β′′s∗β
′
.
If k > 1, we can take k1 ≥ 0 and k2 ≥ 0 such that 2k1 + 3k2 = k. Since t2 = s3, we can get
tk2 =
{
s3k
′
(k
′
∈ {1, 2, 3, · · · }) if k2 is even,
ts3k
′
(k
′
∈ {0, 1, 2, · · · }) if k2 is odd.
Suppose that k2 is even. Let t
k2 = s3k
′
some k
′
≥ 1. Then we have
υ∗
a
′ (sk1tk2)υb′ = υ
∗
a
′ sk1s3k
′
υb′ .
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Peeling one factor off sk1 and applying the adjoint of (T4) gives sk1 = ssk1−1 and υ∗
a
′ s = sυ∗
a
′ s∗(a
′
−1),
hence we have
υ∗
a
′ sk1s3k
′
υb′
= (υ∗
a
′ s)sk1−1s3k
′
υb′
= s1υ∗
a
′ sk1−1a
′
s3k
′
υb′
= s(υ∗
a
′ s)sk1−a
′
−1s3k
′
υb′
= s2υ∗
a
′ sk1−2a
′
s3k
′
υb′ .
If k1−2a
′
> 0, we peel another s off sk1−2a
′
and pull it across υ∗
a
′ .We repeat this process if k1−3a
′
> 0.
The number of times which we can do this is precisely the number α0 appearing in the Euclidean
algorithm, applied to a
′
, b
′
and k1. Continuing until −a
′
< k1 − α0a
′
≤ 0, we have
υ∗
a
′ sk1+3k
′
υb′ = s
α0υ∗
a
′ s3k
′
s∗(α0a
′
−k1)υb′ .
Now we apply (T4) to s∗υb′ = s
(b
′
−1)υb′ s
∗ so as to pull factors s∗ through υb′ :
s∗(α0a
′
−k1)υb′
= s∗(α0a
′
−k1−1)(s(b
′
−1)υb′ s
∗)
= s∗(α0a
′
−k1−1b
′
)υb′ s
∗1
= s∗(α0a
′
−k1−1−b
′
)(s(b
′
−1)υb′ s
∗)s∗
= s∗(α0a
′
−k1−2b
′
)υb′ s
∗2.
We can repeat this process until b
′
> k1 − α0a
′
+ β0b
′
≥ 0, then we have
s∗(α0a
′
−k1)υb′ = s
(k1−α0a
′
+β0b
′
)υb′ s
∗β0 .
Thus it leads to us
υ∗
a
′ (sk1tk2)υb′ = s
α0(υ∗
a
′ s3k
′
sk1−α0a
′
+β0b
′
υb′ )s
∗β0 .
If we cosider k1 − α0a
′
+ β0b
′
like the first k1 and repeat the same process, we can choose α1 and β1
such that −a
′
< (k1 −α0a
′
+ β0b
′
)−α1a
′
≤ 0 and 0 ≤ (k1 − α0a
′
+ β0b
′
)−α1a
′
+ β1b
′
< b
′
. Then we
have
υ∗
a
′ (sk1tk2)υb′ = s
α0sα1(υ∗
a
′ s3k
′
sk1−α0a
′
+β0b
′
υb′ )s
∗β1s∗β0 .
And given αi for 0 ≤ i < n and βi for 0 ≤ i < n, define βn by 0 ≤ k1 − (
∑n
i=0 αi)a
′
+ (
∑n
i=0 βi)b
′
< b
′
and αn+1 by −a
′
< k1 − (
∑n+1
i=0 αi)a
′
+ (
∑n
i=0 βi)b
′
≤ 0. By Euclidean algorithm, there exist n(α
′
)
and n(β
′
) such that αi = 0 for i > n(α
′
) and βi = 0 for i > n(β
′
). Then the pair
(α
′
, β
′
) = (
n(α
′
)∑
i=0
αi,
n(β
′
)∑
i=0
βi)
is the non-negative solution of k1 = α
′
a
′
− β
′
b
′
. We have
υ∗
a
′ (sk1tk2)υb′ = s
α0sα1 · · · s
α
n(α
′
)(υ∗
a
′ s3k
′
sk1−α
′
a
′
+β
′
b
′
υb′ )s
∗β0s∗β1 · · · s
∗β
n(β
′
)
= sα
′
(υ∗
a
′ s3k
′
sk1−α
′
a
′
+β
′
b
′
υb′ )s
∗β
′
= sα
′
υ∗
a
′ tk2υb′ s
∗β
′
.
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Remembering that k = αa
′
− βb
′
, k = 2k1 + 3k2, and (α
′
, β
′
) is the non-negative solution of k1 =
α
′
a
′
− β
′
b
′
, we have
3k2 = αa
′
− βb
′
− 2α
′
a
′
+ 2β
′
b
′
= a
′
(α− 2α
′
)− b
′
(β − 2β
′
).
Here, we can take (α−2α
′
) = 3α
′′
and (β−2β
′
) = 3β
′′
because gcd(a
′
, b
′
) = 1. Then k2 = α
′′
a
′
−β
′′
b
′
.
Since k2 = α
′′
a
′
− β
′′
b
′
, we have
sα
′
(υ∗
a
′ tα
′′
a
′
)(t∗β
′′
b
′
υb′ )s
∗β
′
= sα
′
(tα
′′
υ∗
a
′ )(υb′ t
∗β
′′
)s∗β
′
= sα
′
tα
′′
υb′υ
∗
a
′ t∗β
′′
s∗β
′
.
It is sufficient to compute for k < 0. If k < 0 and k 6= −1, then we can take k1 ≤ 0 and k2 ≤ 0. It leads
to us that
υ∗
a
′ s∗|k1|t∗|k2|υb′
= (υ∗
b
′ t|k2|s|k1|υa′ )
∗
= (sβ
′
tβ
′′
υa′υ
∗
b
′ t∗α
′′
s∗α
′
)∗
= sα
′
tα
′′
υb′υ
∗
a
′ t∗β
′′
s∗β
′
where (α
′
, β
′
) is the smallest non-negative solution of k1 = α
′
a
′
− β
′
b
′
. When k = −1, we can get a
result by similar computation of the case k = 1.
Now suppose that k2 is odd. Let t
k2 = ts3k
′
some k
′
≥ 0. Then we have
υ∗
a
′ (sk1tk2)υb′ = υ
∗
a
′ sk1ts3k
′
υb′ = υ
∗
a
′ tsk1+3k
′
υb′ .
To compute odd case, we can prove by moving the position of t appropriately because t and s are
commute. 
Theorem 3.13. Let A be the universal C∗-algebra generated by isometries s, t, and {υp : p is prime}
satisfying relations (R1,R2) and (T1− T6). Then there is an isomorphism π of T (P ⋊ N×) onto A
such that π(W(2,1)) = s, π(W(3,1)) = t, and π(W(0,p)) = υp for every prime p.
Proof. By Lemma 3.11 and 3.12, we can see that the formular X(m,a) := s
xtyυa where m = 2x + 3y
some x, y in N defines Nica-covariant isometric representation X = Xs,t,υ on P ⋊ N
× into A. Since
T (P⋊N×) is the universal C∗-algebra for covariant isometric representations of P⋊N×, it induces a
homomorphism πs,t,υ : T (P⋊N×)→ A such that πs,t,υ(W(m,a)) = X(m,a). By Lemma 3.9, πs,t,υ is an
isomorphism of T (P⋊N×) onto A. 
Moreover, since span{W(m,a)W
∗
(n,b) : (m, a), (n, b) ∈ P⋊N
×} is a dense ∗-subalgebra of T (P⋊N×),
we have also that span{sx1ty1υaυ∗b t
∗y2s∗x2 : (m, a), (n, b) ∈ P ⋊ N×, m = 2x1 + 3y1, n = 2x2 + 3y2,
and x1, x2, y1, y2 ∈ N} is a dense ∗-subalgebra of A.
4. KMS states on a generalized Toeplitz Algebra
If we consider the unitary representation u : R→ U(ℓ2(P⋊N×)) defined by
ure(m,a) := a
ire(m,a)
J. Ahn, S. Y. Jang 13
where {e(m,a) : (m, a) ∈ P ⋊N} is the canonical orthonormal basis of ℓ
2(P⋊ N×) and U(ℓ2(P⋊ N×))
is the group of unitary operators in B(ℓ2(P⋊N×)), then {ur|r ∈ R} induces the automorphism group
τr(a) = urau
∗
r(a ∈ Cred(P ⋊ N
×)) of the reduced semigroup C∗-algebra Cred(P ⋊ N×) on ℓ2(P ⋊ N×).
In fact, the definition of the left regular isometric representation gives the following equations
τr(L(2,1)) = L(2,1), τr(L(3,1)) = L(3,1), and τr(L(0,p)) = p
irL(0,p)
for prime p and r ∈ R where L : P⋊N× → B(ℓ2(P⋊N×)) is the left regular representation on P⋊N×.
By the universality of T (P ⋊ N×) there is a ∗-homomorphism Φ from T (P ⋊ N×) onto Cred(P ⋊ N×)
where Φ(W(m,a)) = L(m,a) for (m, a) ∈ P ⋊ N
×. Thus we can see that there is a strongly continuous
action σ of R on T (P ⋊N×) such that
σr(s) = s, σr(t) = t and σr(υp) = p
irυp for prime p and r ∈ R.
Suppose that α is an action of R on a C∗-algebra B. An element a of B is analytic for the action
α if the function r 7→ αr(a) is the restriction to R of an entire function on C; the set Ba of analytic
element is a dense ∗-subalgebra of B.
Proposition 4.1. For our system (T (P ⋊N×),R, σ) the elements sx1ty1υaυ∗b t
∗y2s∗x2 for T (P ⋊N×)
are all analytic for x1, y1, x2, y2 ∈ N and a, b ∈ N×.
Proof. By the definition of σr
σr(s
x1ty1υaυ
∗
b t
∗y2s∗x2) = (airsx1ty1υa)(b
−irυ∗b t
∗y2s∗x2)
= (ab−1)ir(sx1ty1υaυ
∗
b t
∗y2s∗x2).
Therefore the function r 7→ σr(sx1ty1υaυ∗b t
∗y2s∗x2) is the restriction to R of an entire function on C.
Moreover, sxtyυa and υ
∗
b t
∗y′s∗x
′
are all analytic for x, y, x′, y′ ∈ N and a, b ∈ N×. 
Now we introduce a KMS-state for a C∗-dynamical system. Let B be a C∗-algebra and σ be an
action of R on B. For β ∈ (0,∞) a state φ of B is a KMS state at inverse temperature β for σ, or a
KMSβ state for σ, if it satisfies the following KMSβ condition ;
φ(ab) = φ(bσiβ(a)) for a, b ∈ B
a
where Ba is the set of analytic element.
Theorem 4.2. The system (T (P⋊N×),R, σ) has no KMSβ state for β < 1.
Proof. Suppose that ψ is a KMSβ state for σ. The KMSβ condition implies that for a ∈ N× and
0 ≤ k < a where k = 2x+ 3y some x, y in N(fix a) it holds
ψ((sxtyυa)(υ
∗
at
∗ys∗x))
= ψ((υ∗at
∗ys∗x)σiβ(s
xtyυa))
= a−βψ(υ∗at
∗ys∗xsxtyυa)
= a−βψ(1)
= a−β .
The relation (T5′) and Lemma 3.6 implies that υ∗as
((x))t((y))υa = 0 for 0 ≤ 2x + 3y < a. And the
projections sxtyυaυ
∗
at
∗ys∗x for 0 ≤ k < a are mutually orthogonal because
(sxtyυaυ
∗
at
∗ys∗x)(sxtyυaυ
∗
at
∗ys∗x) = sxtyυa(υ
∗
at
∗ys∗xsxtyυa)υ
∗
at
∗ys∗x
= sxtyυaυ
∗
at
∗ys∗x
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and
(sxtyυaυ
∗
at
∗ys∗x)(sx
′
ty
′
υaυ
∗
at
∗y
′
s∗x
′
) = sxtyυa(υ
∗
at
((y
′
−y))s((x
′
−x))υa)υ
∗
at
∗y
′
s∗x
′
= 0
for 0 ≤ k
′
< a and k
′
= 2x
′
+ 3y
′
some x
′
, y
′
in N. Actually we can take 0 < k − k
′
< a (or
0 < k
′
− k < a) without loss of generality because of (T1), and we get
1 ≥
a−1∑
k=0
sxtyυaυ
∗
at
∗ys∗x.
Since ψ is positive, it implies that
1 = ψ(1) ≥ ψ(
a−1∑
k=0
sxtyυaυ
∗
at
∗ys∗x) = aa−β,
which implies β ≥ 1. 
Theorem 4.3. Let β ∈ [1,∞) and a state φ of T (P ⋊ N×) be a KMSβ state for σ. Then for every
a, b ∈ N× and m,n ∈ P where m = 2x1 + 3y1, n = 2x2 +3y2 some x1, x2, y1, y2 in N, and some u ∈ Z
we have
φ(sx1ty1υaυ
∗
b t
∗y2s∗x2) =
{
0 if a 6= b or m 6≡ n (mod a),
a−βφ(t((
y1−y2+2u
a
))s((
x1−x2−3u
a
))) if a = b and m ≡ n (mod a).
Proof. Suppose that φ is a KMSβ state. Applying the KMS condition twice gives
φ(sx1ty1υaυ
∗
b t
∗y2s∗x2)
= φ((sx2ty2υb)
∗σiβ(s
x1ty1υa))
= a−βφ((sx2 ty2υb)
∗(sx1ty1υa))
= a−βφ((sx1 ty1υa)(σiβ(s
x2ty2υb))
∗)
= a−βφ((sx1 ty1υa)b
β(sx2ty2υb)
∗)
= (
a
b
)−βφ(sx1ty1υaυ
∗
b t
∗y2s∗x2).
And this implies that
φ(sx1ty1υaυ
∗
b t
∗y2s∗x2) =
{
0 if a 6= b,
a−βφ(υ∗b t
((y1−y2))s((x1−x2))υa) if a = b.
Suppose first that a = b and m 6≡ n (mod a). If 1 ≤ m − n < a, then υ∗at
((y1−y2))s((x1−x2))υa = 0
by (T5′) and Lemma 3.6. If m − n > a, we can take m − n = aq + r (q ∈ N and 1 ≤ r < a) where
q = 2q1 + 3q2 and r = 2r1 + 3r2. Since 2(x1 − x2) + 3(y1 − y2) = a(2q1 + 3q2) + (2r1 + 3r2), we have
x1 − x2 = 3u0 + aq1 + r1 and y1 − y2 = aq2 + r2 − 2u0 some u0 ∈ Z. Thus
υ∗at
((y1−y2))s((x1−x2))υa = (υ
∗
at
((aq2)))t((r2))(t∗((2u0))s((3u0)))s((r1))(s((aq1))υa)
= t((q2))(υ∗at
((r2))s((r1))υa)s
((q1))
= 0
because 1 ≤ r < a. It follows that
φ(sx1ty1υaυ
∗
at
∗y2s∗x2) = a−βφ(υ∗at
((y1−y2))s((x1−x2))υa) = a
−βφ(0) = 0.
Suppose that a = b and m ≡ n ( mod a). Since m ≡ n (mod a) if and only if there is u ∈ Z
such that x1 − x2 ≡ 3u (mod a) and y2 − y1 ≡ 2u (mod a), we can take x1 − x2 = 3u + ak and
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y1 − y2 = −2u+ ak′ some k, k′ ∈ Z. By (T1)
υ∗at
((y1−y2))s((x1−x2))υa = υ
∗
at
((ak′))t∗((2u))s((3u))s((ak))υa
= t((k
′))υ∗aυas
((k))
= t((k
′))s((k))
= t((
y1−y2+2u
a
))s((
x1−x2−3u
a
)).
Therefore we have a−βφ(υ∗at
((y1−y2))s((x1−x2))υa) = a
−βφ(t((
y1−y2+2u
a
))s((
x1−x2−3u
a
))). 
Theorem 4.4. Let β ∈ [1,∞). If a state φ of T (P ⋊N×) satisfies
φ(sx1ty1υaυ
∗
b t
∗y2s∗x2) =
{
0 if a 6= b or m 6≡ n (mod a),
a−βφ(t((
y1−y2+2u
a
))s((
x1−x2−3u
a
))) if a = b and m ≡ n (mod a)
(4.1)
for a, b ∈ N× and m,n ∈ P where m = 2x1 + 3y1, n = 2x2 + 3y2 some x1, x2, y1, y2 in N, and some
u ∈ Z, then φ is a KMSβ state for σ.
Proof. Suppose that φ satisfies (4.1). Since it suffices to check the KMS condition holds on dense
spanning elements, φ is a KMSβ state for σ if and only if
φ(xy) = φ(yσiβ(x)) = φ(y(
a
b
)−βx) = (
a
b
)−βφ(yx)
where x = sx1ty1υaυ
∗
b t
∗y2s∗x2 , y = sx3ty3υcυ
∗
dt
∗y4s∗x4 in A. Then we have
aβφ(sx1ty1υaυ
∗
b t
∗y2s∗x2sx3ty3υcυ
∗
dt
∗y4s∗x4) = bβφ(sx3ty3υcυ
∗
dt
∗y4s∗x4sx1ty1υaυ
∗
b t
∗y2s∗x2) (4.2)
for a, b, c, d ∈ N×, m, n, q, r ∈ P, m = 2x1+3y1, n = 2x2+3y2, q = 2x3+3y3, and r = 2x4+3y4 some
xi, yi in N for i = 1, 2, 3, 4. We prove this equality by computing both sides. To compute the left-hand
side of (4.2), we first reduce the formula by using the covariance relation in Lemma 3.11 and 3.12
xy = (sx1ty1υaυ
∗
b t
∗y2s∗x2)(sx3ty3υcυ
∗
dt
∗y4s∗x4)
= sx1ty1υa(υ
∗
b t
∗y2s∗x2sx3ty3υc)υ
∗
dt
∗y4s∗x4
=
{
0 if (n+ bP) ∩ (q + cP) = ∅,
sx1ty1υa(s
α
′
tα
′′
υc′υ
∗
b
′ t∗β
′′
s∗β
′
)υ∗dt
∗y4s∗x4 if (n+ bP) ∩ (q + cP) 6= ∅,
where k = (q − n)/gcd(b, c) = 2k1 + 3k2 some k1, k2 in Z, b
′
= b/gcd(b, c), c
′
= c/gcd(b, c), and (α, β)
is the smallest non-negative solution of k = b
′
α− c
′
β, α 6= 1, β 6= 1, α = 2α
′
+3α
′′
, and β = 2β
′
+3β
′′
some α
′
, α
′′
, β
′
, β
′′
in N. By (T1
′
)
xy =
{
0 if (n+ bP) ∩ (q + cP) = ∅,
s(x1+aα
′
)t(y1+aα
′′
)υac′υ
∗
db
′ t∗(y4+dβ
′′
)s∗(x4+dβ
′
) if (n+ bP) ∩ (q + cP) 6= ∅.
Now (4.1) implies that the left-hand side of (4.2) is
aβφ(xy)=


0 if(n+ bP) ∩ (q + cP) = ∅,
0 ifac
′
6= db
′
or m+ aα 6≡ r + dβ
(mod ac
′
),
(c
′
)−βφ(t((
y1+aα
′′
−y4−dβ
′′
+2u0
ac′
))s((
x1+aα
′
−x4−dβ
′
−3u0
ac′
))) if ac
′
= db
′
,
m+ aα ≡ r + dβ (mod ac
′
),
and (n+ bP) ∩ (q + cP) 6= ∅
(4.3)
where x1 + aα
′
− x4 − dβ
′
≡ 3u0 ( mod ac
′
) and y1 + aα
′′
− y4 − dβ
′′
≡ −2u0 ( mod ac
′
).
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The analogous computation shows that the right-hand side of (4.2) is
bβφ(yx) =


0 if(r + dP) ∩ (m+ aP) = ∅,
0 if ca
′
6= bd
′
or q + cγ 6≡ n+ bδ
(mod bd
′
),
(d
′
)−βφ(t((
y3+cγ
′′
−y2−bδ
′′
+2v0
bd′
))s((
x3+cγ
′
−x2−bδ
′
−3v0
bd′
))) if ca
′
= bd
′
,
q + cγ ≡ n+ bδ (mod bd
′
),
and (r + dP) ∩ (m+ aP) 6= ∅
(4.4)
where x3 + cγ
′
− x2 − bδ
′
≡ 3v0 ( mod bd
′
), y3 + cγ
′′
− y2 − bδ
′′
≡ −2v0 ( mod bd
′
), k
′
= (m −
r)/gcd(a, d) = 2k
′
1+3k
′
2 some k
′
1, k
′
2 in Z, d
′
= d/gcd(a, d), a
′
= a/gcd(a, d), and (γ, δ) is the smallest
non-negative solution of k
′
= d
′
γ − a
′
δ, γ 6= 1, δ 6= 1, γ = 2γ
′
+ 3γ
′′
, and δ = 2δ
′
+ 3δ
′′
some
γ
′
, γ
′′
, δ
′
, δ
′′
in N.
We need to verify that the conditions of (4.3) for the nonvanishing case match those of (4.4).
Since the situation is symmetric, we can suppose that ac
′
= db
′
, m + aα ≡ r + dβ (mod ac
′
), and
(n+ bP) ∩ (q + cP) 6= ∅ where (α, β) is defined as above. Suppose first that ac
′
= db
′
. We see that
ac
′
= db
′
⇔ a/d = b
′
/c
′
⇔ a
′
/d
′
= b
′
/c
′
⇔ a
′
/d
′
= b/c⇔ ca
′
= bd
′
;
Since gcd(a
′
, d
′
) = 1 and gcd(b
′
, c
′
) = 1, these are all equivalent to ac = bd. And we deduce that a
′
= b
′
and c
′
= d
′
from the reduced form in the middle. This implies that (c
′
)−β = (d
′
)−β.
Next, notice that m− r ≡ dβ − aα (mod ac
′
) implies that there is some u in Z such that m− r =
dβ − aα+ ac
′
u. Let G = gcd(d, a), then a = a
′
G and d = d
′
G. Since m− r = d
′
Gβ − a
′
Gα+ a
′
Gc
′
u,
we have m ≡ r (mod gcd(d, a)). Therefore (r + dP) ∩ (m + aP) 6= ∅. The definition of (γ, δ) implies
that m− r = dγ − aδ. By using a
′
= b
′
and c
′
= d
′
, we have
m+ aα− r − dβ
ac′
=
dγ − aδ + aα− dβ
ac′
=
(γ − β)d+ (α− δ)a
gcd(d, a)a′c′
=
(γ − β)d
′
+ (α− δ)a
′
a′c′
=
(γ − β)c
′
+ (α− δ)b
′
b′d′
=
(q − n) + cγ − δb
bd′
. (4.5)
Therefore ac
′
|(m + aα − r − dβ) shows that bd
′
|(q − n + cγ − δb), or equivalently that q + cγ ≡
n + bδ (mod bd
′
). Since the conditions for a vanishing (4.3) and (4.4) are the contraposition of the
conditions for a nonvanishing, all conditions of (4.3) and (4.4) were shown to be in agreement.
Consider now the exponent of t and s of (4.3) and (4.4). Substituting m = 2x1+3y1, n = 2x2+3y2,
q = 2x3 + 3y3, r = 2x4 + 3y4, α = 2α
′ + 3α′′, β = 2β′ + 3β′′, γ = 2γ′ + 3γ′′, and δ = 2δ′ + 3δ′′ into
(4.5), we have
2(x1 + aα
′
− x4 − dβ
′
) + 3(y1 + aα
′′
− y4 − dβ
′′
) = 2(x3 + cγ
′
− x2 − bδ
′
) + 3(y3 + cγ
′′
− y2 − bδ
′′
).
Since x1 + aα
′
−x4− dβ
′
= 3u0+Xac
′ some X ∈ Z, y1+ aα
′′
− y4− dβ
′′
= −2u0+ Y ac′ some Y ∈ Z,
x3 + cγ
′
− x2 − bδ
′
= 3v0 +X
′bd′ some X ′ ∈ Z, and y3 + cγ
′′
− y2 − bδ
′′
= −2v0 + Y ′bd′ some Y ′ ∈ Z,
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we have 2(X −X ′) = 3(Y ′ − Y ). We can take X ′ = X − 3z and Y ′ = Y + 2z some z ∈ Z. Therefore
t((
y3+cγ
′′
−y2−bδ
′′
+2v0
bd′
))s((
x3+cγ
′
−x2−bδ
′
−3v0
bd′
)) = t((Y
′))s((X
′))
= t((Y ))t((2z))s∗((3z))s((X))
= t((Y ))s((X))
= t((
y1+aα
′′
−y4−dβ
′′
+2u0
ac′
))s((
x1+aα
′
−x4−dβ
′
−3u0
ac′
)).
It shows that a nonvanishing value of aβφ(xy) equals a nonvanishing value of bβφ(yx) where x =
sx1ty1υaυ
∗
b t
∗y2s∗x2 , y = sx3ty3υcυ
∗
dt
∗y4s∗x4 in A for (4.3) and (4.4). This completes the proof of (4.2),
and we show that φ is a KMSβ state. 
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